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It is known that the graph-theoretic approach of Liapunov functionals developed in [Guo et al. 2006]
is a useful tool for the global stability analysis of multi-group epidemic models, which play important
roles in considering the heterogeneity (e.g., sex, age, position, etc.) of host population. In this paper,
an application of $\max$ functions to the graph-theoretic approach is demonstrated in order to prove
the global asymptotic stability of each equilibrium of multi-group models with relatively complex




















$\{\begin{array}{l}\frac{d}{dt}S_{i}(t)=(1-p_{l}\prime)b_{i}-S_{i}(t)\sum_{j=1}^{n}\beta_{ij}I_{j}(t)-(\mu_{i}^{S}+v_{i})S_{i}(t) ,\frac{d}{dt}V_{i}(t)=v_{i}S_{i}(t)-V_{i}(t)\sum_{j=1}^{n}\sigma_{i}\beta_{ij}I_{j}(t)-\mu_{i}^{V}V_{i}(t) ,\frac{d}{dt}I_{i}(t)=(S_{i}(t)+\sigma_{i}V_{i}(t))\sum_{j=1}^{n}\beta_{ij}I_{j}(t)-(\mu_{i}^{I}+\gamma_{i})I_{i}(t) ,\frac{d}{dt}R_{i}(t)=p_{i}b_{i}+\gamma_{i}I_{i}(t)-\mu_{i}^{R}R_{i}(t) , i=1,2, \ldots, n.\end{array}$ (2.1)
$S$ (susceptible) $\backslash V$ (vaccinated) $\backslash Il$ (infective) $R$
(recovery) $i\in\{1,2, \ldots, n\}$ $i=1$
$i=2$ $S_{1}$ $S_{i}(t)$ $(t)$ $I_{i}(t)$ $R_{\eta}\cdot(t)$
$t\in \mathbb{R}$ $i$
$b_{i}$ $i$




$\sum_{j_{=1}}^{n}\beta_{ij}I_{j}(t)$ $t$ $i$ $S_{i}$
$i$ $p_{i}\in(0,1)$
$\sigma_{i}\in(0,1)$ ( $1-\sigma_{i}$ )
1
1. (i) $i\in\{1,2, \ldots, n\}$ $b_{i }\mu_{i}^{S }\mu_{i}^{V }\mu_{i}^{I }\mu_{i}^{R }v_{i }\gamma_{i}$





$K:=(\begin{array}{lll}\frac{(S_{1}^{0}+\sigma_{l}V_{l}^{0})\beta_{11}}{\mu_{1}^{I}+\gamma_{1}} \cdots \frac{(S_{1}^{0}+\sigma_{1}V_{1}^{0})\beta_{1n}}{\mu_{n}^{I}+\gamma_{n}}\vdots \ddots \vdots\frac{(S_{n}^{0}+\sigma_{n}V_{n}^{0})\beta_{n1}}{\mu_{1}^{I}+\gamma_{l}} \cdots \frac{(S_{n}^{0}+\sigma_{n}V_{n}^{0})\beta_{nn}}{\mu_{n}^{I}+\gamma_{n}}\end{array})$
$S_{i}^{0};= \frac{(1-p_{i})b_{i}}{\mu_{i}^{S}+v_{i}}, V_{i}^{0};=\frac{v_{i}(1-p_{i})b_{i}}{\mu_{i}^{V}(\mu_{i}^{S}+v_{i})}, i=1,2, \ldots, n$




( [2, 6] ) $\rho(\cdot)$
$\mathcal{R}_{0}<1$ $\mathcal{R}_{0}>1$
$\mathcal{R}_{0}$
2.1. (i) $\mathcal{R}_{0}\leq 1$ (2.1)
(ii) $\mathcal{R}_{0}>1$ (2.1)
(ii) [3] $\theta_{ij}$ $:=(S_{i}^{*}+\sigma_{i}V_{i}^{*})\beta_{ij}I_{j}^{*}$
$\Theta:=(\begin{array}{llllll}\sum_{j\neq 1}\theta_{1j} -\theta_{21} -\theta_{n1} -\theta_{12} \sum_{j\neq 2} \theta_{2j} \cdots -\theta_{n2} | | . | -\theta_{1n} -\theta_{2n} \cdots \cdots \sum_{j\neq n} \theta_{nj}\end{array})$





$W$ ( $S,$ $V,$ $I$ ): $= \sum_{i=1}^{n}\zeta_{i}(S_{i}-S_{i}^{*}-S_{i}^{*}\ln\frac{S_{i}}{s_{i}*}+V_{i}-V_{i}^{*}-V_{i}^{*}\ln\frac{V_{i}}{V_{i}^{*}}+I_{i}-I_{i}^{*}-I_{i}^{*}\ln\frac{I_{i}}{I_{i}^{*}})$
(2.1)








$CK$ : $1arrow 2arrow 1$ $E(CK)=\{(1,2), (2,1)\}$ (2.2)
$\max$
$\max(4-\frac{S_{1}^{*}}{S_{1}}-\frac{S_{1}I_{2}I_{1}^{*}}{S_{1}^{*}I_{2}^{*}I_{1}}-\frac{S_{2}^{*}}{S_{2}}-\frac{S_{2}I_{1}I_{2}^{*}}{S_{2}^{*}I_{1}^{*}I_{2}}, 5-\frac{S_{1}^{*}}{S_{1}}-\frac{S_{1}I_{2}I_{1}^{*}}{S_{1}^{*}I_{2}^{*}I_{1}}-\frac{S_{2}^{*}}{S_{2}}-\frac{S_{2}}{S_{2}^{*}}\frac{V_{2}^{*}}{V_{2}}-\frac{V_{2}I_{1}I_{2}^{*}}{V_{2}^{*}I_{1}^{*}I_{2}},$







$\{\begin{array}{l}(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})S_{k}(t, a)=-S_{k}(t, a)\lambda_{k}(t, a)-\mu_{k}(a)S_{k}(t, a) ,(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})I_{k}(t, a)=S_{k}(t, a)\lambda_{k}(t, a)-(\mu_{k}(a)+\gamma_{k}(a))I_{k}(t, a) ,(\frac{\partial}{\partial t}+\frac{\partial}{\partial a})R_{k}(t, a)=\gamma_{k}(a)I_{k}(t, a)-\mu_{k}(a)R_{k}(t, a) , t>0, 0<a\leq\omega,\lambda_{k}(t, a)=\sum_{j=1}^{m}\int_{0}^{\omega}\beta_{kj}(a, \sigma)I_{j}(t, \sigma)d\sigma,S_{k}(t, 0)=b_{k}, I_{k}(t, 0)=0, R_{k}(t, 0)=0, t>0, k=1,2, \ldots, m.\end{array}$ (3.1)




$a$ $\beta_{kj}(a, \sigma)$ $i$ $\sigma$
$k$ $a$ $\lambda_{k}(t, a)$ $\beta_{kj}(a, \sigma)$
$I_{j}(t, \sigma)$ $\sigma$ $j$
(3.1) 2
2. (i) $k\in\{1,2, \ldots, m\}$ $\mu_{k}(a)$ $\gamma_{k}(a)$ $[0, \omega]$
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(ii) $\beta_{kj}(a, \sigma)$ $\sigma$ $[0, \omega]$
$\beta_{kj}(a, \sigma)\equiv\beta_{kj}(a)$ $\beta_{kj}\in L_{+}^{\infty}(0, \omega)$
(iii) $a\in[0, \omega]$ $m$ $(\beta_{kj}(a))_{1\leq k,j\leq m}$
(iv) $k\in\{1,2, \ldots, m\}$ $\mu_{k}(a)+\gamma_{k}(a)$ $\mu_{k}(a)+$
$\gamma_{k}(a)\equiv r_{k}$ $r_{k}>0$
(i) (iii) 1 (i) (ii) (ii)
(proportionate mixing assumption [2]) (iv)
$\gamma_{k}$
$\mu_{k}(a)+\gamma_{k}(a)\simeq\gamma_{k}$
$\backslash$ [13] (3.1) $a$
SIR
:
$\{\begin{array}{l}\frac{d}{dt}S_{k}^{(i)}(t)=a^{(i-1)}S_{k}^{(i-1)}(t)-S_{k}^{(i)}(t)\sum_{j=1}^{m}\beta_{kj}^{(i)}I_{j}(t)-(\mu_{k}^{(i)}+a^{(i)})S_{k}^{(i)}(t) ,\frac{d}{dt}I_{k}(t)=\sum_{i=1}^{n}S_{k}^{(i)}(t)\sum_{j=1}^{m}\beta_{kj}^{(i)}I_{j}(t)-rkI_{k}(t) ,a^{(0)}S_{k}^{(0)}(t)=b_{k}, t>0, i=1,2, \ldots, n, k=1,2, \ldots, m.\end{array}$ (3.2)
(i) $a^{(i)}$ $I_{k}= \sum_{i=1}^{n}I_{k}^{(i)}$
$\mu_{k}^{(i)}$ $\beta_{kj}^{(i)}$ $R_{k}$ $|$ 2
$\mu_{k}^{(i)}>0$ $\beta_{kj}^{(i)}\geq 0$ $k,j,$ $i$ $i$ $(\beta_{kj}^{(i)})_{1\leq k,j\leq m}$
$a^{(i)}\ovalbox{\tt\small REJECT}$ $a^{(i)}>0\forall i\in\{1,2, \ldots, n-1\}$ $a^{(n)}=0$
(3.2)
$K:=(\frac{\sum_{i=1}^{n}S_{k,0}^{(i)}\beta_{kj}^{(i)}}{r_{j}})_{1\leq k,j\leq m}=(\frac{\Sigma_{-}^{n}{}_{-1}S_{m0}^{(\cdot)}\beta_{m1}^{(\cdot)}}{r_{1}}\frac{\Sigma_{=1}^{n}S_{1.’ 0}^{(\cdot)}\beta_{11}^{(i.)}}{r_{1}}$
. . .
$\frac{\Sigma_{1--1}^{n}S_{m0}^{(\dot{\cdot})}\beta_{mm}^{(i)}:}{r_{m}}\frac{\Sigma_{i--1}^{n}S_{10}^{(i)}\beta_{1m}^{(i)}}{r_{m}})$
$S_{k,0}^{(i)}:=\{\begin{array}{ll}\frac{b_{k}}{\mu_{k}^{(1)}+a^{(1)}}, i=1,\frac{b_{k}}{\mu_{k}^{(1)}+a^{(1)}}\prod_{l=2}^{i}\frac{a^{(l-1)}}{\mu_{k}^{(l)}+a^{(l)}}, i=2, \ldots, n,\end{array}$ $k=1,2,$ $\cdots,$ $m$
(3.2) $\mathcal{R}_{0}$
$\mathcal{R}_{0}=\rho(K)$





$\Theta;=(\begin{array}{lllllll}\sum_{l\neq 1} \theta_{1l} -\theta_{21} \cdots \cdots -\theta_{m1} -\theta_{12} \sum_{l\neq 2} \theta_{2\iota} \cdots -\theta_{m2} \vdots \vdots \ddots \vdots -\theta_{1m} -\theta_{2m} \cdots \cdots \sum_{l\neq m} \theta_{ml}\end{array})$
$S_{k}^{(i)*},$
$I_{k}^{*},$ $\forall k,$ $i$ (3.2) $v:=$
$(v_{1}, v_{2}, \cdots, v_{m})^{T}$ $\Theta v=0$ ( 1 )




$+ \sum_{k=1j}^{m}\sum_{=1}^{m}v_{k}\theta_{kj}\max(h_{kj}^{(1)}, h_{kj}^{(2)}, \cdots, h_{kj}^{(n)})$ (3.3)
$h_{kj}^{(\ell)};= \ell+1-\sum_{i=1}^{\ell}\frac{S_{k}^{(i-1)}S_{k}^{(i)*}}{S_{k}^{(i-1)*}S_{k}^{(i)}}-\frac{S_{k}^{(\ell)}I_{j}I_{k}^{*}}{S_{k}^{(\ell)*}I_{j}^{*}I_{k}}, \ell=1,2, \ldots, n$
(3.3)
[3]
$\sum_{(k,j)\in E(CK)}\max(h_{kj}^{(1)}, h_{kj}^{(2)}, \cdots, h_{kj}^{(n)})\leq 0$
(3.4)
$m$ $CK$ $E(CK)$
$CK$ : $1arrow 2arrow 1$ $E(CK)=\{(1,2), (2,1)\}$ (3.4)
$\max(h_{12}^{(1)}, h_{12}^{(2)}, \cdots, h_{12}^{(n)})+\max(h_{21}^{(1)}, h_{21}^{(2)}, \cdots, h_{21}^{(n)})$ .
$\max$ $h_{12}^{(p)}+h_{21}^{(q)}\leq 0$
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